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Abstract: A crosshead slipper-guide system, which bears a significant thrust force, is an essential friction pair in
low-speed marine diesel engines. Owing to the low moving speed of the crosshead slipper during engine
startup, it is difficult to form good hydrodynamic lubrication between the crosshead slipper and guide. Therefore,
a detailed analysis of the crosshead slipper during engine startup is needed. In this study, a new transient
tribo-dynamic model for a crosshead slipper during the engine startup process is presented. The model consists
of a mixed lubrication model of the crosshead slipper-guide and dynamic models of the piston assembly,
crosshead assembly, connecting rod, and crankshaft. The tribo-dynamic performances of the crosshead slipper
during startup and under the rated conditions were simulated and compared. The results show that the
tribo-dynamics of the crosshead slipper during the startup process are significantly different from those
under the rated conditions. Some measures beneficial for the low friction of a crosshead slipper-guide under
the rated conditions may significantly increase the friction loss of the crosshead slipper-guide system during
the startup process.
Keywords: low-speed marine diesel engine; crosshead slipper; engine start-up; mixed lubrication; friction loss;
tribo-dynamic model

1

Introduction

In the shipping industry, 20% of the fuel energy is
used to overcome friction, which results in significant
energy waste [1]. The friction of a ship can be defined
as internal or external [2]. Internal friction refers to
the friction generated by various machines inside
the ship, and external friction refers to the friction
generated between the hull and the ocean. Research
results have indicated that the friction loss of marine
diesel engines is the primary source of internal
friction [2–4]. To deal with a shortage of energy and
environmental protection issues [5–9], the development
of low-friction technology for marine diesel engines has
become an urgent requirement of engine manufacturers.

Low-speed two-stroke crosshead marine diesel engines
(hereafter referred to as low-speed marine diesel engines)
have been widely used for propulsion power in
commercial ships of more than 2 kt [10, 11] owing to
their high thermal efficiency and reliability. Unlike
high-speed automobile engines, low-speed marine
diesel engines operate at a rotation speed lower
than 300 rpm and have a crosshead slipper-guide
system allowing them to bear an enormous thrust
force. The crosshead slipper-guide friction pair has
an essential influence on the performance and life
of low-speed marine diesel engines. The thrust force
acting on the crosshead slipper leads to a large friction
loss [4, 12]. In addition, the transverse movement and
swing (secondary motion) of the crosshead slipper
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Nomenclature
A1 , A2 Lubricating area of slipper on thrust side and
anti-thrust side
a
Vertical distance between the crosshead pin
center and top of slipper
b
Vertical distance between the center of mass
(COM) of slipper and top of slipper
COM Abbreviation of “center of mass”
C
Slipper-guide nominal clearance
Eccentricities of slipper at the top and bottom
et , eb
ends
etp , e bp Eccentricities of piston skirt at the top and
bottom ends
Fx
Force of slipper from crosshead pin in X
direction
Fy
Force of slipper from crosshead pin in Y
direction
Fc
Total normal force acting on slipper from
guide
Fcf
Total friction force acting on slipper from
guide
Fcsx
Force of connecting rod from crankshaft in X
direction
Fcsy
Force of connecting rod from crankshaft in Y
direction
Fic1
Reciprocating inertial force of slipper
Fic2
Transverse inertial force of slipper
Ficp1
Reciprocating inertial force of crosshead pin
Ficp2
Transverse inertial force of crosshead pin
Fip1
Reciprocating inertial force of piston
Fip2
Transverse inertial force of piston
Firod1
Reciprocating inertial force of piston rod
Firod2
Transverse inertial force of piston rod
Ficrx
Connecting rod inertial force in X direction
Ficry
Connecting rod inertial force in Y direction
Fp
Total normal force acting on piston skirt from
cylinder liner
Fpf
Total friction force acting on piston skirt
from cylinder liner
Fx 1
Force of piston from bolt in X direction
Fx 2
Force of piston rod from bolt in X direction
Fy1
Force of piston from bolt in Y direction
Fy 2
Force of piston rod from bolt in Y direction
f ( x1 , y1 )
Profile of slipper
Gc
Gravity of slipper
Gcp
Gravity of crosshead pin
Gp
Gravity of piston
Grod
Gravity of piston rod
Gcr
Gravity of connecting rod

Oil film thickness of slipper
Rotary inertia of slipper about its COM
Rotary inertia of piston about its COM
Rotary inertia of crosshead pin about its COM
Rotary inertia of piston rod about its COM
Rotary inertia of connecting rod about its COM
Ratio of lst to lrt
Length of piston rod
Vertical distance between COM of piston and
top end of piston skirt
L2
COM of piston and bottom end of piston skirt
L3
Length of slipper
lrt
Length of connecting rod
Moment of piston from bolt
M1
M2
Moment of piston rod from bolt
Mc
Moment of Fc about the crosshead pin center
Mic
Inertial moment of slipper
Mip
Inertial moment of piston
Micp
Inertial moment of crosshead pin
Mirod Inertial moment of piston rod
mc
Mass of slipper
mp
Mass of piston
mcp
Mass of crosshead pin
mrod
Mass of piston rod
mcr
Mass of connecting rod
p
Oil film pressure
pc
Contact pressure
R
Piston radius
Rc
Crank radius
Rpin
Crosshead pin radius

U  Yc Longitudinal velocity of crosshead slipper
w
Half of the height of slipper
x1 , y1 Local coordinate system on the crosshead slipper
X, Y
Global coordinate system
Yc
Longitudinal displacement of crosshead
assembly and piston assembly

Composite roughness of slipper and guide

Connecting rod angle

Crack angle
x ,y Pressure flow factors
c
Contact factor
s
Shear flow factor
 f , fs , fp Shear stress factors

Dynamic lubricant viscosity
   Rotation speed of crankshaft
p
Attitude angle of piston
f
Friction coefficient of asperity contact
hc
Ic
Ip
I cp
I rod
I cr
j
L
L1
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also have an important influence on the vibration and
noise of the engine [4]. Therefore, the performance
of the crosshead slipper-guide system is a significant
concern during the development of low-speed marine
engines. However, research on the tribo-dynamic
performance of a crosshead slipper-guide system
remains scarce. Scholars have paid more attention to
the tribological phenomena of other friction pairs such
as piston rings [13–16], crosshead bearings [17, 18],
and crankpin bearings [19] in low-speed marine diesel
engines. Moreover, such studies have only been carried
out under the rated conditions. Abanteriba [20–22]
established a simplified model of the lubrication
performance of a crosshead slipper, focusing on the
minimum oil film thickness and friction loss of
the crosshead slipper under the rated conditions.
Considering the secondary motion of the crosshead
slipper and coupling effects between the piston skirtliner friction pair and crosshead slipper-guide friction
pair, the authors of this study established a more
accurate tribo-dynamic model to analyze the performance of the crosshead slipper under the rated
conditions [4, 12].
Engines usually operate under complicated and
variable operating conditions. The engine startup
process, which is quite different from the rated conditions, requires special attention. Owing to the low
rotation speed of the crankshaft and the low moving
speed of the crosshead slipper during the engine
startup, it is difficult to form a good hydrodynamic
lubrication between the crosshead slipper and guide.
Under a huge thrust force, insufficient lubrication may
lead to severe contact and wear. Therefore, a detailed
analysis of the crosshead slipper during engine startup
is needed. At present, most research in this area has
focused on the startup process of high-speed automobile
engines. Scholars have conducted in-depth studies
on performance prediction models and optimization
schemes of critical friction pairs in automotive engines
during the startup process [23–28]. However, related
studies on the startup process of low-speed marine
diesel engines have yet to be reported. Compressed
air is generally used to start low-speed marine diesel
engines, which are significantly different from
automobile engines. The structures of both types
of engines are also extremely different. It is therefore

necessary to carry out targeted research on low-speed
marine diesel engines.
Herein, we extend such studies to include the
startup process of low-speed marine diesel engines.
The rotation speed of the crankshaft will be considered
as a motion variable and is solved along with the
dynamic parameters of the crosshead slipper. First,
according to the motion and force analysis of the
components in low-speed marine diesel engines, the
dynamic models of the piston assembly, crosshead
assembly, connecting rod, and crankshaft are established.
The dynamic models are then coupled with the mixed
lubrication models of the crosshead slipper-guide
system and the piston skirt-liner system. Finally, the
tribo-dynamic model of the crosshead slipper during
the startup process is obtained. The effects of the
lubricant temperature, crosshead slipper-guide nominal
contact area, crosshead slipper-guide clearance, and
crosshead slipper profile on the tribo-dynamics of
the crosshead slipper during the startup process are
explored and compared with those under the rated
conditions. To the best of the authors’ knowledge, the
present study marks the first time such a model and
its analysis have been described.

2

Mathematical model

A low-speed marine diesel engine is a typical
multi-body mechanical system. Figure 1(a) shows the
main moving parts of a six-cylinder low-speed marine
diesel engine. The piston assembly, crosshead assembly,
and connecting rod of only one cylinder are shown
in the figure. The top of the piston rod is rigidly
connected to the piston by a bolt. The bottom of the
piston rod is also rigidly connected to the crosshead
pin by a bolt. The connecting rod converts the
reciprocating motion of the piston into the rotation of
the crankshaft, thereby pushing the ship forward.
The crosshead slipper focused on in this article is an
important part of the crosshead assembly, the details
of which are shown in Fig. 1(b). It can be seen that
the crosshead assembly mainly includes the crosshead
pin, crosshead slippers, and crosshead bearings. The
crosshead pin is connected to the connecting rod by a
revolute joint, forming a crosshead bearing. At the
same time, the crosshead pin is also connected to the
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This can be described by the transverse displacement
at the top and bottom ends of the crosshead slipper
( et , e b in Fig. 1(c)). In our previous study, we
established a tribo-dynamic model that couples the
dynamics of the crosshead assembly, piston assembly,
and connecting rod with the crosshead slipper-guide
and piston skirt-liner friction pairs. Under the engine
rated conditions, an analysis of the tribo-dynamics of
the crosshead slipper has been carried out [4, 12, 29,
30]. In our previous study, the crankshaft speed was
set to a fixed value. In this study, this assumption is
dropped, and a new startup model is established
by adding a dynamic analysis of the crankshaft. The
tribo-dynamic performance of the crosshead slipper
during the engine startup process is discussed in
depth.
2.1

Fig. 1 Details of the six-cylinder low-speed marine diesel engine:
(a) main moving components, (b) details of crosshead assembly,
and (c) secondary motion of crosshead slipper.

crosshead slipper by a revolute joint.
The crosshead slipper and guide constitute a
translational joint, which is the friction pair focused
on in this study. In addition to the reciprocating
movement in the longitudinal direction, the crosshead
slipper moves laterally with a swinging motion, as
shown in Fig. 1(c), which is called the secondary motion.

Dynamic models of piston–crosshead assembly
connecting rod-crankshaft

In this section, a force analysis of the piston assembly,
crosshead assembly, connecting rod, and crankshaft
is described. A force analysis of the piston-piston
rod-crosshead pin system is shown in Figs. 2(a–c).
The detailed dynamic equations are the same as in our
previous work [4, 12], and are shown in the Appendix;
they have not repeated here for simplicity.
The force analysis of the crosshead slipper is shown
in Fig. 2(d). The detailed equations refer to our previous
studies [4, 12] and are also not repeated here for
simplicity. The related content is also shown in the
Appendix.
The displacement, velocity, and acceleration of the
piston assembly and crosshead assembly in the Y
direction can be expressed as below. Compared with
the previous study on the rated conditions, the formula
 changed owing to the acceleration
of acceleration Y
c
of the crankshaft  .



Yc  lrt  Rc  lrt2  B12



0.5

 Rc cos



Yc  Rc sin  Rc B1 cos lrt2  B12
  I   ( I  I ) 2
Y
c
1
2
3



(1)
0.5

(2)
(3)

where B1  Rc  sin , lrt is the length of the connecting
rod, and Rc is the crank radius. In addition,  is the
crank angle, and  is the crankshaft rotation speed.
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The three intermediate variables ( I1 , I 2 , and I 3 ) are
as follows:
I1  (lrt2  B12 )0.5 Rc 2 sin cos  Rc sin



I 2  Rc cos   Rc B1cos  lrt2  B12
2





(4)

1.5

2
I 3   Rc cos   Rc B1sin  lrt2  B12





(5)

0.5

(6)

The inertial forces of the piston, piston rod, crosshead
pin, and crosshead slipper can be written as follows.
The values have also changed compared with the
previous studies on the rated conditions [4, 12], which
was caused by the acceleration of the crankshaft.


Fip  mpY
c

(7)


Firod  mrodY
c

(8)


Ficp  mcpY
c

(9)


Fic  mc Y
c

(10)

The calculation methods of the transverse inertial
forces Fip2 , Firod2 , Ficp2 , and Fic2 , and the inertial
moments Mip , Mirod , Micp , and Mic , are consistent
with those of the previous studies [4, 12], and are not
repeated here for simplicity.
The force analysis of the connecting rod is shown
in Fig. 3(a). The equations, shown in the Appendix, are
based on d'Alembert’s principle, which is consistent
with our previous study on the rated conditions. From
the force analysis, the relationship between Fcsx 1 and
Fcsy1 can be obtained as follows:



Fcsy 1   Gcp  2Gc  Grod  Gp  Gcr







 Fip1  2 Fic1  Ficp1  Firod1  Ficry1  Fg  Fpf  2 Fcf

Fcsx1 





(11)

 M icr  Fcsy 1 lrt sin  Ficrx lrs cos  Gcr  Ficry lrs sin
lrt cos

(12)

Fig. 2 Force analysis of (a) piston, (b) piston rod, (c) crosshead
pin, and (d) crosshead slipper.

This relationship is key to determining the crankshaft
speed.
The connecting rod angle  , angular velocity  , and
angular acceleration  can be expressed as below.
Compared with the study on the rated conditions,
the acceleration of the connecting rod angle  is not
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equal to zero.




 l 2  ( R sin )2 
c
 rt

Rc sin

  arctan 

Rc cos

  

l  ( Rc sin )2
2
rt

  I 4  I 5 2

(13)

(14)
(15)

The two intermediate variables, I 4 and I 5 , can be
obtained as follows:
I4 

Rc cos
lrt cos

 R cos 2
Rc sin 

I 5    c
 tan 
lrt cos 
 lrt cos 



(16)

(17)

Correspondingly, the rotational inertia moment of
the connecting rod can be expressed as indicated
below. Compared with the previous formula for the
rated conditions, the effect of the acceleration of the
crankshaft is considered.
Micr   I cr ( I 4  I 5 2 )

(18)

The inertia forces of the connecting rod in the Xand Y-directions are shown below. In contrast to
the previous formulas [4], the effects of the angular
acceleration of the crankshaft and connecting rod are
considered.
Ficrx  mcr [(1  j )Rc ( sin 2  cos )

a
 j 1 
L3





a
et  j 
eb ]
 
L3


(19)



Ficry   mcr [ jlrt cos 2  sin  Rc (cos 2  sin )]

(20)
where j  lst / lrt , as shown in Fig. 3(a), and mcr is the
mass of the connecting rod.
Unlike the previous study on the rated conditions,
the rotation speed of the crankshaft changes during
the startup process. Therefore, the dynamic equations
of the crankshaft need to be determined. Figure 3(b)
shows the details of the crankshaft. The centroid of
the crankshaft (including the attachments) can be
approximated along the centerline of the rotation.

Fig. 3 (a) Force analysis of connecting rod, and (b, c) force
analysis and rotation analysis of crankshaft, respectively.

The crankshaft rotation is driven by the connecting
rod force of each cylinder. As shown in the figure, the
crankshaft is mainly subjected to the force from the
connecting big end of the rod and the force of the
main bearings. These two types of forces ensure the
balance of the force on the crankshaft. Because the
current study focuses on the change in the crankshaft
speed during the startup process, the primus equations
are used for the rotation, the details of which regarding
the force balance are not introduced here. Taking the
start of a single cylinder as an example, the rotation
equation of the crankshaft, shown in Fig. 3(c), is as
follows:
 Fcsx1 Rc cos  Fcsy1 Rc sin  M  J

(21)

The calculation method of Fcsx 1 and Fcsy1 is introduced
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in Eqs. (11) and (12). At a specific time, when the crank
angle is determined, Fcsx 2 , Fcsy 2 , ..., Fcsx 6 , and Fcsy 6 ,
which represent the connecting rod force acting on
the crankshaft in other cylinders, can be obtained
through a similar method, and a single-cylinder model
can easily be converted into a multi-cylinder model.
However, the number of motion variables increases
significantly. Here, M is the resistance moment on
the shaft, which mainly includes the drag torque
generated by the main bearings and propeller, and J
is the total rotary inertia of the crankshaft (including
the attachments). In the current study, the lubrication
of the main bearings on the crankshaft is not included
in the tribo-dynamic model because the focus is the
tribology of the crosshead slipper-guide friction pair.
Considering the clearance between the crankshaft and
the main bearings, the independent motion variables
of the tribo-dynamic model will increase. The difficulty
and cost of solving the model will also significantly
increase.
Finally, the tribo-dynamic model, which contains
four independent motion variables e t , e b , e tp , and 
is obtained after eliminating the constraint reaction
forces Fcrx , Fcry , Fcsx , Fcsy , Fx , and Fy . Compared with
the previous approach for the rated conditions, the
tribo-dynamic model is more sophisticated. The rotation
speed of the crankshaft becomes an unknown variable
to be solved, and the matrix has four dimensions. The
intermediate variables A11  A44 and C F  Co are shown
in the Appendix.
 A11

 A21
 A31

 A41

2.2

A12
A22

A13
A23

A32
A42

A33
A43

e t  C F 
A14   
  
  
A24   e b  CS 

e tp  CT 
A34  
   
A44      Co 

the details of the mixed lubrication model of the
crosshead slipper-guide. The processing method of
the piston skirt-cylinder liner is identical, as shown in
a previous study [12].
Figure 4 shows a lubrication diagram of the crosshead
slipper-guide friction pair. When the crosshead slipper
moves back and forth in the longitudinal direction,
the lubricant in the clearance between the crosshead
slipper and guide will produce a hydrodynamic effect
[31]; when the crosshead slipper has a transverse displacement and swing (secondary motion), a squeezing
effect is generated. Under these two effects, the lubricant
will create a pressure field to separate the crosshead
slipper from the guide plate, reducing the friction and
wear. Considering the effect of the surface roughness,
Patir and Cheng [32, 33] proposed an average Reynolds
equation to solve the pressure of the lubricant, the
equation of which for the translational joints is shown
in the following [27]:
h 3 p   
h 3 p 
 
 x c
 
 y c

x1  12  x1  y1  12  y1 
 
h
U  hc
  s   c c
 c
y1 
t
2  y1

(23)

(22)

Mixed lubrication model of crosshead slipperguide friction pair

When solving the presented tribo-dynamic model,
the normal force Fc , the friction force Fcf between the
crosshead slipper and guide, and the corresponding
torque Mc , Mcf need to be determined through a
mixed lubrication analysis. Similarly, these forces and
moments of the piston skirt also need to be calculated.
Because both are lubricated translational joints, the
calculation method is similar. This section introduces

Fig. 4 (a) Description of oil film thickness of the crosshead
slipper and (b) the nominal clearance between the crosshead slipper
and guide.
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where p is the average lubricant pressure, and hc is
the lubricant film thickness, as shown in Fig. 4(a). In
addition,  is the lubricant viscosity, and  represents
the composite surface roughness of the crosshead
slipper and guide. Moreover, U  Yc is the velocity of
the crosshead slipper in the longitudinal direction,
and x1 , y1 represent the local coordinates on the
crosshead slipper, where x1 is the coordinate axis
along the width direction, and y1 is the coordinate
axis along the moving direction. In addition, x ,
y are pressure flow factors, and s represents the
shear flow factor [32]. Finally, c is the contact
factor [34].
For the marine diesel engine considered in this study,
the grade of lubricating oil used for the crosshead
slipper is CD40, and its viscosity–temperature
characteristics can be approximated through the
following formula [4]:   0.12954e 0.0394(T  40) . In the
current study, the viscosity–pressure effect of the
lubricant is not considered for simplicity because the
oil film pressure is always at a small level owing
to the large nominal contact area of the crosshead
slipper -guide.
The oil film thickness hc , as shown in Fig. 4(a), can
be obtained through the following formulas [4, 12]:

y 
hc1  C   et  ( et  eb ) 1   f ( x1 , y1 ) ,
L3 


(24)


y 
hc 2  C   et  ( et  eb ) 1   f ( x1 , y1 )
L3 


(25)

where C is the nominal clearance between the
crosshead slipper and guide, and is defined as the
clearance between the crosshead slipper and the guide
when the crosshead slipper is located on the vertical
central axis of the guide without a secondary motion,
as shown in Fig. 4(b). Here, et and eb represent the
transverse displacement in the top and bottom ends
of the crosshead slipper, respectively. In addition,
f ( x1 , y1 ) is the profile of the crosshead slipper. Owing
to the large size of the crosshead slipper, the oil film
pressure is not excessively high. Therefore, the elastic
deformation is temporarily ignored to improve the
efficiency of the calculation.
To simplify the calculation, a fully flooded inlet
boundary condition was adopted in the current study.

The related numerical method for dealing with the
oil transport and starved lubrication conditions can
be found in previous studies [10, 15].
The average Reynolds equation belongs to the elliptic
partial differential equation, and the boundary conditions need to be determined when solving it. The
crosshead slipper-guide friction pair can be expressed
as follows：
p( x1 , y1 )  0

x1  0 , B

(26)

p( x1 , y1 )  0

y1  0, L3

(27)

where L3 and B represent the length and width of the
crosshead slipper, respectively. The above boundary
conditions indicate that the oil film pressure at the
edge of the crosshead slipper is equal to the atmospheric
pressure.
In the divergent wedge between the crosshead
slipper and guide, a cavitation exists in the oil film
[35], and the cavitation boundary conditions need
to be specified. At present, the Reynolds and JFO
boundary conditions are widely used. The JFO cavitation
boundary condition satisfying the oil conservation
in the cavitation boundary is more perfect in theory
[36, 37]. The calculation efficiency of the Reynolds
boundary condition is better, and the accuracy is
acceptable in most cases [38–41]. In the current study,
the Reynolds boundary condition was adopted. The
cavitation boundary condition can be expressed
according to the following Reynolds boundary
condition [10]:
p( x1 , y1 )  0,

p
0
y1

y1  y *

(28)

where y * is the cavitation position. In the iterative
solution process of the oil film pressure field, the oil
film pressure is set to zero when it is a negative value.
The converged oil film pressure field then approximately
satisfies the Reynolds boundary condition.
When the crosshead slipper operates at low speed
(e.g., the startup process) or high load, an asperity
contact may occur. The G–T model, which assumes
that the asperity heights obey a Gaussian distribution,
is used to calculate the asperity contact pressure in
the current study, and can be expressed as follows
[42, 43]:
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pc 

2
16 2

   E
F (H )
15
 25 

(29)

where E is the equivalent elastic modulus of the two
rough surfaces and can be written as
E 



E2 1  

E1 E2
2
1

(30)

  E 1   
1

2
2

where E1 and E2 are the elastic moduli of the two
contact bodies, 1 ,2 are the Poisson’s ratio,  indicates
the asperity density, and  is the average asperity
h
summit radius. In addition, H 
represents the



ratio of the oil film thickness to the composite RMS
roughness of the friction pair, and F5 ( H ) is the
2

Gaussian probability density function. Its approximate
formula, presented by Hu et al., can be expressed as
follows [41]:
4.4086  10 5 (4  H )6.804
F5  H   
0

2

H  4
H  4

(31)

After determining the oil film pressure p and the
asperity contact pressure pc , the total side force Fc ,
friction force Fcf , and the corresponding torques Mc
and Mcf can finally be expressed as follows:
FC    p  x1 , y1   pc  x1 , y1   dx1dy1
A1

   p  x1 , y1   pc  x1 , y1   dx1dy1
A2

MC  

A1

(32)

 p  x1 , y1   pc  x1 , y1    a  y1  

dx1dy1    p  x1 , y1   pc  x1 , y1   ( a  y1 )dx1dy1 (33)
A2


U
Fcf    x1 , y1 
 f pc  x1 , y1   dx1dy1
A1
U




U
   x1 , y1 
 f pc  x1 , y1   dx1dy1
A2
U



(34)



U
Mcf     x1 , y1 
 f pc  x1 , y1   
A1
U




U
wdx1dy1    x1 , y1 
 f pc  x1 , y1    wdx1dy1 (35)
A2
U



where A1 is the nominal contact area of the crosshead

slipper-guide plate on the thrust side, and A2 is the
nominal contact area of the crosshead slipper-guide
plate on the anti-thrust side. In addition, w is the
distance between the crosshead slipper guide surface
to the crosshead pin center, as shown in Fig. 4(a),  f is
the friction coefficient of the asperity contact, and  is
the fluid shear stress on the crosshead slipper and can
be described as follows [44]:

 

U
hc

( f   fs )   fp

hc p
2 y1

(36)

where  f ,  fs , and  fp are the shear stress factors. The
calculation method is based on Patir and Cheng’s
approach [33].
The change in the lubricating oil temperature
when the crosshead slipper is located at different
locations of the guide is ignored because the ambient
temperature of the slipper-guide system is constant.
In addition, the temperature increase of the lubricating
oil during the startup process has not been considered
because the lubricating system continuously supplies
the crosshead slipper with a constant-temperature
lubricant, and there is no fuel ignition during the
startup process.
It should be noted that the calculations of the flow
factors and the contact factor in the average Reynolds
equation assume that the surface roughness height
obeys a Gaussian distribution. In fact, engineering
surfaces usually have a non-Gaussian topography. In
addition, the influences of the elastic deformation,
inter-asperity cavitation, and lubricant thermal effects
on the flow factors were not considered in the current
study for simplicity. Meng et al. discussed these issues
in depth in their previous study. They found that
these influencing factors should be considered over
the range of low film thickness to roughness ratio. In
addition, a simple method for calculating the contact
factor for non-Gaussian surfaces is also presented.
Interested readers can refer to the relevant studies
[45–48].

3

Numerical simulation method

In the current study, the newly presented multi-body
tribo-dynamic model of low-speed marine diesel
engines during engine startup consists of four second-
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order ordinary differential equations. To facilitate
these numerical solutions, they are transformed
into eight equivalent first-order nonlinear ordinary
differential equations. The eight equations can be
written in the following general form:
y   f (t , y )

(37)

where y  (e t ,e b ,e tp ,  ,e t ,e b ,e tp ,  )T .
The modified extended backward differentiation
formula (MEBDF) method [49, 50], which has been
proven to be efficient in solving the tribo-dynamic
model [51], is used in the current study to solve the
first-order ordinary differential equations. Once the
values of functions yn , yn 1 ,.yn  k 1 at the time
steps tn , tn  1 ,.tn  k 1 are obtained, the MEBDF
method uses three steps to calculate yn  k , which
represents the value of function y at the next time
step, the details of which can be found in previous
studies [4, 12].

4

Results

Based on the tribo-dynamic model and numerical
solution algorithm proposed in this paper, the triobodynamics of the crosshead slipper-guide friction pair
during the startup process is simulated. For comparison,
the tribo-dynamics under the rated conditions were
also calculated. The rated rotation speed of the
crankshaft was 159 rpm.
The main input parameters of a low-speed marine
diesel engine are listed in Table 1. The surface
topography parameters of the crosshead slipper-guide
system are presented in Table 2. The asperity density
 and average asperity summit radius  were chosen
from a previous study [52]. The cylinder pressure in
one cycle during the startup process and under the
rated conditions is shown in Fig. 5. During the startup
process, the high-pressure air valve opens when the
piston moves downward. The high-pressure air replaces
the gas to push the piston downward and accelerates
the crankshaft. Therefore, the cylinder pressure within
0° to 180° CA is approximately the same as highpressure air, as shown in Fig. 5. The exhaust valve
opens during the upward movement of the piston.
The air in the cylinder is exhausted, and the pressure
in the cylinder within 180° to 360° CA is approximately

the exhaust pipe pressure, as shown in Fig. 5.
The starting speed of the marine diesel engine
considered in this study is approximately 50 rpm.
When the crankshaft reaches the starting speed, the
Table 1
engine.

Basic parameters for the low-speed marine diesel

Parameter

Meaning

Value

Ic

Rotary inertia of crosshead slipper
about its COM

0.83 (kg·m2)

I cp

Rotary inertia of crosshead pin
about its COM

0.51 (kg·m2)

Ip

Rotary inertia of piston about its
COM

1.11 (kg·m2)

I rod

Rotary inertia of piston rod about
its COM

52.36 (kg·m2)

I cr

Rotary inertia of connecting rod
about its COM

258.50 (kg·m2)

L

Length of piston rod

2074E-3 (m)

L1

Vertical distance between COM of
29.50E-3 (m)
piston and top end of piston skirt

L2

Vertical distance between COM of
29.50E-3(m)
piston and bottom end of piston skirt

L3

Length of crosshead slipper

300E-3 (m)

lrt

Length of connecting rod

1600E-3 (m)

mc

Mass of crosshead slipper

25 (kg)

mcp

Mass of crosshead pin

60 (kg)

mp

Mass of piston

90 (kg)

mrod

Mass of piston rod

202.80 (kg)

mcr

Mass of connecting rod

575.60 (kg)

R

Piston radius

170E-3 (m)

Rc

Crank radius

800E-3 (m)

Rpin

Crosshead pin radius

130E-3 (m)

w

Half of the height of slipper

325E-3 (m)

J

Rotation inertia of the crankshaft

8E4 (kg·m2)

M

Resistance moment on the shaft

1000 (N·m)

COM: Center of mass
Table 2

Crosshead slipper-guide system surface topography.
Parameter

Value

Surface pattern parameter

1

Guide surface rms roughness

0.7 (μm)

Crosshead slipper surface rms roughness

0.8 (μm



0.038 (μm–2)



7.57 (μm)

Asperity friction coefficient (  f )

0.15
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Fig. 5 Cylinder pressure of the engine in one cycle when
operating during the startup process and under the rated
conditions.

compressed air is disengaged, and the fuel is injected
into the combustion chamber. The crankshaft will
reach the rated speed quickly under high-pressure
gas in the combustion chamber. Owing to the short
duration of this transition phase and the lack of relevant
experimental cylinder pressure data, this issue is not
discussed in the current study.
The nominal contact area of the crosshead slipperguide is 300 mm × 40 mm, the lubricating oil temperature is 80 °C, the slipper-guide clearance is 200 μm,
and the profile of the slipper is symmetrical. Each of
the following sections will change one of the above
parameters to explore its effect on the tribo-dynamic
performance of the crosshead slipper.
4.1

Effect of lubricating oil temperature

In this section, the effect of the lubricating oil
temperature on the tribo-dynamics of the crosshead
slipper is discussed. Figure 6(a) shows the friction
loss of the crosshead slipper during the engine startup
process. It can be seen that as the startup process
proceeds, the friction loss of the crosshead slipper
gradually decreases. This is because, as the crankshaft
rotation speed increases during the startup process
(as shown in Fig. 7), the hydrodynamic effect of the
lubricant increases and the asperity contact force
of the crosshead slipper decreases. As a result, the
friction loss of the crosshead slipper decreases. As
shown in Fig. 6(a), as the lubricant temperature
increases, the friction loss significantly increases during
the startup process.

Fig. 6 Effect of lubricating oil temperature: (a) friction power
loss during startup, (b) friction power loss under the rated conditions,
(c) asperity contact force during startup, and (d) MOFT under the
rated conditions.
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By contrast, under the rated conditions, increasing
the oil temperature will significantly reduce the friction
losses, as shown in Fig. 6(b). The reason for this
difference can be found by comparing Figs. 6(c) and
6(d). It can be seen that, during the startup process,
an asperity contact occurs between the crosshead
slipper and guide because of the insufficient oil-film
carrying capacity. As the lubricant temperature
increases, the oil-film carrying capacity decreases
further, and the asperity contact phenomenon intensifies, which results in a significant friction loss (as
shown in Fig. 6(c)). In comparison, under the rated
conditions, the crosshead slipper moves at a higher
speed; thus, the hydrodynamic effect is noticeable.
The minimum oil film thickness (MOFT) is still larger
than the safe oil film thickness (SOFT) when the
lubricating oil is heated to 80 °C. Therefore, no asperity
contact occurs, and the fluid shear stress causes friction
of the crosshead slipper under the rated conditions.
As the lubricant temperature increases, the viscosity
of the oil film decreases and the fluid shear stress
decreases.
Figure 7 shows the crankshaft rotation speed
during the startup process. As the startup progresses,
the rotational speed of the crankshaft can reach the
starting speed under the action of high-pressure
air, as shown in Fig. 7. It can be seen that a higher
lubricating oil temperature results in a slightly lower
crankshaft speed at the same moment. From the
above analysis, it is not difficult to infer that this
is mainly due to the larger friction of the crosshead
slipper.

The maximum transverse velocity of the center of
the crosshead slipper in different cycles during the
startup process, and the maximum transverse velocity
of the crosshead slipper center in one cycle under the
rated conditions are shown in Fig. 8. It can be seen
that as the startup process proceeds, the transverse
velocity of the crosshead slipper increases. This is
mainly caused by the increase in the crankshaft rotation
speed. However, the amplitude of the maximum
transverse velocity is smaller than that under the rated
conditions, as shown in Fig. 8(b). Figure 8 shows that
a higher lubricating oil temperature results in a larger
transverse velocity of the crosshead slipper, which is
suitable for both the startup and rated conditions.
Figure 9 focuses on the changes in the asperity
contact pressure field and oil film pressure field
of the crosshead slipper during the startup process.
Four moments are selected, i.e., 100°, 460°, 820°, and
1,180° CA, and the crankshaft rotation speeds continue
increasing from 100° to 1,180° CA, i.e., 24.5, 36.5, 45.6,
and 47.2 rpm, respectively. It can be seen from
Fig. 9(a) that the oil film pressure increases from 100°
to 1,180° CA, which is not difficult to understand; the

Fig. 7 Details of crankshaft rotation speed during the startup
process.

Fig. 8 Maximum transverse velocity of crosshead slipper center
during (a) startup process and (b) rated conditions.
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velocity of the crosshead slipper increases and the
hydrodynamic effect is enhanced as the crankshaft
rotation speed increases. By contrast, as shown in
Fig. 9(b), the asperity contact pressure is continuously
weakened because the oil film force gradually balances
the load of the crosshead slipper. The change also
corresponds to the change in the friction loss shown
in Fig. 6(a).
The calculation results described in this section
initially show that the startup and rated conditions
are extremely different. The heating temperature of
the lubricating oil under the rated conditions (80 °C
for the engine in the current study) is unsuitable for
the startup condition. The lubricating oil temperature
during startup must not be excessively high.
4.2

Fig. 9 Oil film pressure and asperity contact pressure during the
startup process: (a) lubricant oil pressure and (b) asperity contact
pressure.

Effect of nominal contact area of crosshead
slipper-guide

Under the rated conditions, reducing the crosshead
slipper-guide nominal contact area is an effective
method for reducing the friction loss of the engine
[30]. However, the effect of this measure during the
startup process is unclear, and is therefore explored
in this section. Figure 10(a) shows that with the
decrease in the nominal contact area, the friction loss
increases significantly. However, the same approach
significantly reduces the friction loss under the rated
conditions, as shown in Fig. 10(b), which is consistent
with the previous study [30].
The oil film bearing area of the crosshead slipper is
reduced owing to the decrease in the nominal area,
which increases the severity of the asperity contact of
the crosshead slipper during engine startup, as shown
in Fig. 10(c). The friction loss thus increases significantly.
Figure 10(d) shows that, as the startup process
proceeds, the fluid friction continues to increase owing
to the increased longitudinal velocity of the crosshead
slipper. However, the asperity friction still plays a
dominant role.
Figure 11(a) shows the maximum transverse velocity
of the crosshead slipper center in four cycles during
the startup, and Fig. 11(b) shows the maximum
transverse velocity of the crosshead slipper center in
one cycle under the rated conditions. It can be seen
that, as the startup process proceeds, the maximum
transverse velocity of the crosshead slipper tends to
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Fig. 11 Maximum transverse velocity of crosshead slipper center
during the (a) startup process and (b) under the rated conditions.

the reduction of the nominal contact area will cause
the transverse velocity of the crosshead slipper to
increase during the engine startup and under the rated
conditions.
The discussion in this section shows that reducing
the nominal area to reduce the friction loss of the
crosshead slipper under the rated conditions may cause
a more severe asperity contact during the engine
startup process, resulting in a greater friction loss.
4.3

Fig. 10 Effect of the nominal contact area: (a) friction power loss
during the startup process, (b) friction power loss under the rated
conditions, (c) asperity friction force during the startup process,
and (d) fluid friction force during the startup process.

increase, although the amplitude is smaller than that
under the rated conditions, as shown in Fig. 11(b).
From Figs. 11(a) and 11(b), it can be concluded that

Effect of nominal clearance of crosshead slipperguide

This section discusses the effect of the nominal clearance
of the crosshead slipper-guide on the tribo-dynamic
performance of the crosshead slipper during the
engine startup process. For comparison, the situation
under the rated conditions was also demonstrated. It
can be seen from Fig. 12(a) that, as the nominal clearance
increases, the friction loss during the startup process
significantly increases, which is extremely different
from the situation under the rated conditions, as
shown in Fig. 12(b). Under the rated conditions, the
friction loss decreases as the nominal clearance increases.
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mainly caused by the asperity contact, which will be
exacerbated by the increase in the nominal clearance
between the crosshead slipper and the guide, as
shown in Fig. 12(c). Under the rated conditions, the
friction force is caused by the fluid shear stress, and
the increase in clearance reduces the fluid shear
stress, as shown in Eq. (36). Figure 12(d) shows the
change in fluid friction of the crosshead slipper
during the startup process. It can be seen that as the
startup process proceeds, the fluid friction continues
to increase. At the same time, a larger nominal
clearance results in less fluid friction.
Figures 13(a) and 13(b) compare the transverse
displacement of the crosshead slipper during the
startup process and under the rated conditions. It can
be seen that the increase in the nominal clearance
between the crosshead slipper and the guide results
in a larger secondary motion of the crosshead slipper.
This makes the crosshead slipper closer to the guide at
certain moments, thereby increasing the risk of asperity
contact. A schematic diagram of this phenomenon is
shown in Fig. 14. Figure 15 shows the MOFT on the
thrust side during the startup. During the expansion
stroke, the MOFT is reduced with an increase in the
nominal clearance, as shown in Fig. 15(b). The asperity
contact is increased as a result, corresponding to the
results shown in Fig. 12(c).
Figure 13(c) shows the maximum transverse
velocity of the crosshead slipper center in four cycles
during the startup. Figure 13(d) shows the maximum
transverse velocity of the crosshead slipper center in
one cycle under the rated conditions. It can be seen
that a larger nominal clearance will cause a larger
transverse velocity of the crosshead slipper, which
will increase the risk of an asperity contact. This risk
is even more pronounced during the startup process,
owing to an insufficient hydrodynamic effect.
4.4
Fig. 12 Effect of the crosshead slipper-guide nominal clearance:
(a) friction power loss during the startup process, (b) friction
power loss under the rated conditions, (c) asperity friction force
during the startup process, and (d) fluid friction force during the
startup process.

The reasons for this difference can be described as
follows. During the startup process, the friction is

Effect of profile on crosshead slipper

Machining a specific profile on the friction pair is an
effective measure for improving the tribological
performance [12, 53]. The effects of three profiles
were explored in the current study. As shown in Fig. 16,
three types of quadratic profiles are assumed in the
crosshead slipper. The profile heights are the same,
but the positions of the convex points are different.
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Fig. 14 Effect of nominal clearance on the secondary motion of
the crosshead slipper: (a) small and (b) large nominal clearance.

Fig. 15 MOFT of the crosshead slipper on the thrust side during
the startup process: (a) MOFT and (b) an enlarged drawing.

Fig. 13 Effect of the crosshead slipper-guide nominal clearance:
(a) transverse displacement during the startup, (b) transverse
displacement under the rated conditions, (c) maximum transverse
velocity of the crosshead slipper center during the startup, and (d)
maximum transverse velocity of the crosshead slipper center
under the rated conditions.

It can be seen from Fig. 17(a) that, during the engine
startup process, the symmetrical profile (Profile II)
causes a considerable friction loss. However, under
the rated conditions, this is a good choice, as shown

Fig. 16 Three types of profiles on the crosshead slipper.
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Fig. 17 Effect of the crosshead slipper profile: friction power loss (a) during the startup process and (b) under the rated conditions.

in Fig. 17(b), which is consistent with the results of a
previous study [12]. These results prove again that
the design requirements for the startup process conflict
with the design requirements for the rated conditions.
Figure 18 shows the MOFT on the thrust side of the
crosshead slipper during the engine startup process.
It can be seen that, during the downward movement
of the piston, the symmetrical profile leads to a smaller
minimum oil film thickness, which makes the asperity
contact more severe and results in a more significant
friction loss, as shown in Fig. 17(a).
Figure 19 shows the oil film pressure field and
the asperity contact pressure field when the startup
reaches 100° CA. It can be seen that the asperity
contact of the crosshead slipper with the symmetrical
profile is indeed more serious at this moment, and
the lubrication area is smaller. The other two types of
profiles have a larger oil film lubrication zone and a
smaller asperity contact pressure.

Fig. 18 Minimum oil film thickness (MOFT) on the thrust side.

Fig. 19 Oil film pressure field and asperity contact pressure
field when the startup reaches 100° CA.
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From the calculation results presented above, it can
be seen that some measures (increasing the lubricant
temperature, decreasing the nominal contact area,
increasing the nominal clearance, and using the
symmetrical profile), which are beneficial for the low
friction of the crosshead slipper guide under the rated
conditions, may significantly increase the asperity
contact and wear of the crosshead slipper during the
startup process. The choice of these design parameters
is contradictory during the two stages. Therefore, we
should comprehensively consider and choose a compromise plan during the design stage. Regarding the
parameters involved in the current study, we believe
there are two ways to solve this problem under such
a background.

(1) Different lubricant temperatures during different stages
From the current study, properly reducing the
lubricating oil temperature during the startup process
and then increasing the lubricant temperature after
the rotation speed increases is a good approach. In
other words, the lubricating oil temperature should
be controlled at different values during these two stages.
In this way, the asperity contact of the crosshead
slipper during the startup process can be reduced, and
the friction loss under the rated conditions can also
be reduced. For example, during the startup process,
the lubricating oil can be controlled to 50 °C, and the
lubricating oil is then heated to 80 °C under the rated
conditions.

(2) Multi-objective optimal design
For the choice of the nominal crosshead slipper-guide
area, crosshead slipper profile, and nominal clearance,
a multi-objective optimization design method can be
used. For example, we can choose the friction loss
under the rated conditions and the wear volume
during the startup process as the two optimization
objectives, and then find a compromised design plan.
The design plan should make both the wear volume
during the startup process and the friction loss under
the rated conditions satisfactory. For example, the
multi-objective optimization design based on the
orthogonal experiment method seems to be a suitable
choice. The details of this method can be found in the
relevant literature [54, 55].

5

Conclusions

This paper presented a new tribo-dynamic model for
low-speed marine engines during the engine startup
process. The tribo-dynamic performance of the
crosshead slipper-guide friction pair during the startup
process was analyzed and compared with those under
the rated conditions. The results show that the tribodynamics of the crosshead slipper during the startup
process is quite different than that under the rated
conditions. A higher lubricating oil temperature,
smaller crosshead slipper-guide nominal contact area,
and larger clearance between the crosshead slipper
and the guide aggravates the asperity contact force
and increases the friction loss of the crosshead slipper
during the startup process. However, a good effect in
reducing the friction loss can be obtained when these
measures are used under the rated conditions. The
specific conclusions are as follows.
1) The asperity contact mainly causes friction in
the crosshead slipper during the engine startup.
Increasing the oil temperature reduces the bearing
capacity of the lubricant, resulting in a more intense
asperity contact and larger friction loss. At the same
time, a higher lubricant oil temperature increases the
secondary motion of the crosshead slipper, which is
found during both the startup process and under the
rated conditions.
2) Decreasing the nominal contact area between the
crosshead slipper and guide leads to an increase in
the asperity contact during the engine startup, which
will increase the wear and friction losses. As the
nominal area decreases, the transverse movement of
the crosshead slipper significantly increases.
3) Increasing the clearance between the crosshead
slipper and the guide results in a more violent secondary
motion, which causes a more intense asperity contact
during the startup process. The friction loss increases
as a result.
4) The symmetrical profile of the crosshead slipper
can reduce the friction loss under the rated conditions.
However, during the startup process, the offset
profile seems to have a better effect on reducing the
friction loss.
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where Grod represents the gravity of the piston rod,
and Fx 2 , Fy 2 and M 2 are the restraining forces and
restraining torque on the bottom of the piston rod
due to the bolts, respectively. In addition, Firod1 and
Firod2 are the inertial forces of the piston rod in the Xand Y-directions, respectively, while Mirod represents
the inertial moment of the piston rod.
Crosshead pin:

Appendix
A1 Dynamic equations of piston–piston rod–
crosshead pin system, crosshead slipper, and
connecting rod

Piston:
Fp  Fip2  Fx1  0

(A1)

Fg  Fpf  Fip1  Gp  Fy1  0

(A2)







M p  M pf  Fip2  L2  L  Rpin  Fx1  L  Rpin

(A7)

Ficp1  2  Fy  Gcp  Fcry  Fy 2  0

(A8)

Micp  M 2  Fx 2  Rpin  0

(A9)

where Gcp is the gravity of the crosshead pin, and
Fcrx and Fcry are the components of the connecting rod
force to the crosshead pin in the X- and Y-directions,
respectively.
From the force analysis of the piston, piston rod,
and crosshead pin, the following equations can be
obtained through mathematical processing:



 Mip  M1  0

Ficp2  2  Fx  Fcrx  Fx 2  0

Fp  Fip2  Firod2  Ficp2  2  Fx  Fcrx  0

(A10)

(A3)

Fg  Fpf  Fip1  Firod1  Ficp1  2  Fy  mq g  Fcry  0 (A11)

where Fg and Gp represent the gas force and piston
gravity, respectively. In addition, Fp and Fpf are the
normal and tangential forces of the piston skirt from
the cylinder liner, respectively, which are obtained
from the mixed lubrication analysis of the piston
skirt-liner friction pair, and M p and Mpf represent the
moments of Fp and Fpf about the crosshead pin center,
respectively. Moreover, Fx1 , Fy 1 and M1 represent the
restraining forces and restraining torque on the
bottom of the piston, respectively, Rpin is the radius
of the crosshead pin, and Fip1 and Fip2 are the inertial
forces of the piston in the longitudinal (Y-direction)
and transverse (X-direction) directions, respectively.
Finally, Mip is the inertial moment of the piston.
Piston rod:

L

Mp  Mpf  Fip2  L2  L  Rpin  Firod2    Rpin   Mq  0
2

(A12)

Firod2  Fx1  Fx 2  0

(A4)

Firod1  Grod  Fy 2  Fy1  0

(A5)

L

Firod2    Rpin   M irod  M1  Fx1  L  Rpin
2

 M 2  Fx 2  Rpin  0







The sums of mass mq and the moment of the inertia
Mq can be described as follows:
mq  mcp  mrod  mp

 p
Mq  Micp  Mirod  Mip   I q  γ

(A14)

where mcp , mrod , and mp are the masses of the
crosshead pin, piston rod, and piston, respectively.
In addition, Micp , Mirod , and Mip are the inertia
moments of the crosshead pin, piston rod, and piston,
respectively, and γ p is the small rotation angle of the
piston–piston rod–crosshead pin system, the calculation
method of which can be found in previous studies
[4, 12]. Finally, I q is the sum of the rotation inertia of
the crosshead pin, piston rod, and piston:



I q  I cp  I rod  I p

(A6)

(A13)

Crosshead slipper:
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Fc  Fic2  Fx  0

(A16)

Fcf  Gc  Fic1  Fy  0

(A17)

Mc  Mcf  Fic2   a  b   Mic  0

(A18)

where Fc and Fcf are the normal and tangential forces
of the crosshead slipper from the guide, which will
be obtained from the mixed lubrication model of the
crosshead slipper-guide friction pair. Mc and M cf
are the moments of Fc and Fcf about the crosshead
pin center, respectively. Fic1 and Fic2 are the inertial
forces of the crosshead slipper in the longitudinal and
transverse directions, respectively, Mic is the inertial
moment.
Connecting rod:

 jZ5  Z9  1  j  tan

I cr I 4

lrt cos

(A25)





CF  2 Fc  Fp   I 2  I 3   2 2 mc  mp  mrod  mcp tan





 tan 2 Fcf  2 mc g  Fg  Fpf  mq g 
 jZ8   mcr g  Z10   (1  j )tan

I cr I 5

2

lrt cos
(A26)


I
b 
A21  mc  1    a  b   c
L3 
L3

A22  mc

(A27)

I
b
a  b  c

L3
L3

(A28)

A23  0

(A29)

(A19)

A24  0

(A30)

Fcsy 1  Ficry  Gcr  Fcry  0

(A20)

CS  Mc  Mcf

(A31)

(A21)
where Ficrx and Ficry are the inertial forces in the Xand Y-directions of the connecting rod, respectively,
Micr represents the inertial moment of the connecting
rod,  is the connecting rod angle, and Gcr is the
gravity of the connecting rod.
A2 Intermediate variables in tribo-dynamic model
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where
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Z3    1  j  mcr Rc sin 2
2

(A49)

Z4  (1  j )tan {mcr g  mcr [ jlrt (cos 2  I 5 2 sin )
 Rc (cos 2 )]}

(A50)

Z5   mcr  1  j  Rc cos

(A51)


a
Z6   mcr j  1 
L3
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Z10  mcr jlrt cos 2  mcr jlrt sin I 5 2  mcr Rc cos 2

(A56)
where g is the gravitational acceleration. The variables
a,b, L1 , L2 , L3 , and L are shown in Fig. 2 and defined
in the Nomenclature Section. In addition, lrt represents
the length of the connecting rod, as shown in Fig. 3,
and j  lst / lrt .
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